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Abstract A discrete model of a rope with spiral springs
in joints is considered, the aim being to include transverse
elasticity of the rope. Elastic characteristic of the springs is
derived on the basis of simple geometrical formulas and the
classical curvature-bending moment relationship for beams.
Lagrange’s equations of motion are presented and their com-
plexity is discussed from the computational point of view.
Numerical experiments are performed for a system with both
scleronomic and rheonomic constraints. The influence of the
elasticity on behaviour of the model is analyzed. Results
validity is examined in terms of basic energy principles.
Keywords Ropes · Discrete model · Multi-body dynamics ·
Transverse elasticity
1 Introduction
Among classical problems of mechanics, one may find
dynamics of a rope as still interesting and non-trivial. As with
closely related motion of chains, whips or flylines, behaviour
of the rope is imaginable, intuitively comprehended, how-
ever, performing numerical simulations in this area is defi-
nitely a complex and challenging task. Generally speaking,
the problem solving requires an efficient combining model-
ing techniques with computational methods.
In recent years, dynamics of the mentioned bodies has
been widely considered, also with use of numerical experi-
ments. In [1,2] one may find analysis of motion of a folded
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chain. Gorielly and McMillen [3] deal with a whip cracking
phenomenon. The work [4], in turn, is devoted to dynamics
of a flyline. Since the present paper develops a multi-body
system, the reader is referred especially to [5,6], where
authors discuss models of inverted multiple pendulums with
various elastic characteristics of springs in joints.
In [7] we studied dynamics of a rope modeled as a multiple
physical pendulum. This approach has led to an expanded
set of differential equations, and, more importantly, the sim-
ulated behaviour was found to become disordered, chaotic-
looking and therefore quite far from the intuitive view on
the rope dynamics. In [8] we modified the simple model to
include longitudinal elasticity. Now, we focus on transverse
elasticity of the rope. More precisely, the multi-body system
consisting of rigid elements is modified by mean of spiral
springs placed in its joints. An implementation of this idea is
expected to make the mechanical system more realistic, par-
ticularly by eliminating the unnatural, individual rotations of
the members described in [7].
In what follows we present Lagrange equations of motion
of the discussed system, considering rheonomic constraints
in general. Next, we turn to a numerical model of the prob-
lem and explain its complexity from the computational point
of view. Initial value problems, formulated in the presented
examples, are solved numerically. On the basis of the per-
formed simulations, we analyze behaviour of the body, con-
centrating mostly on the elasticity and its impact on the
dynamics.
2 Mechanical system and equations of motion
As mentioned above, the simplest, preliminary model of a
rope is specified in [7]. Since it lays the foundations for the
present paper, let us recall the model assumptions. Generally,
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we consider a rope placed in a gravitational field where no
external forces are present. One end of the body is attached to
a point O(x0, y0), whereas the other one is released. Classi-
cally, the motion is restricted to take place in a vertical plane
only. The rope is modeled as a discrete system which con-
sists of n identical members, being rigid prismatic rods of a
length l and mass m. They are connected by ideal (friction-
less) joints.
Let us show now the mathematical description briefly, for
more details the reader is referred to [7]. To make the descrip-
tion more general, we have focused on the system with rhe-
onomic constraints by assuming that the point O may be a
moving support, whose position is explicitly time-dependent
x0 = x0(t), y0 = y0(t)
Having chosen the angular generalized coordinates
q = [ϕ1, ϕ2, . . . , ϕn]T ,
which specify orientation of each element, one may write the
set of transformation equations for i = 1, 2, . . . , n:
xi = x0 +
i−1∑
j=1
l sin ϕ j + 12 l sin ϕi (1a)
yi = y0 +
i−1∑
j=1
l cos ϕ j + 12 l cos ϕi (1b)
where xi and yi are rectangular coordinates of the mass center
of the i th body segment. Using the terms (1) and their time
derivatives, we can determine the kinetic and the potential
energy of the system, T and V respectively. Denoting the
Lagrangian by L = T − V one may write the equations of









= 0, i = 1, 2, . . . , n
For the given system, after substitutions and simplifica-
tions the Lagrange equations become
n∑
j=1
ai j ϕ¨ j cos(ϕi − ϕ j ) +
n∑
j=1
ai j ϕ˙2j sin(ϕi − ϕ j )
+bi
l








2 for j < i
3(n−i)+1
3 for j = i
2(n− j)+1
2 for j > i (3)
bi = 2(n − i) + 12
It should be noted that, in case of the rheonomic



















Fig. 1 A discrete model of a rope with elastic joints
explicitly, which affects the Lagrangian [and obviously the
equations (2) too]. On the other hand, the well known condi-





Thus, the considered system is conservative, if only
x0(t) ≡ 0 and y0(t) ≡ 0,
which means that the constraints are scleronomic.
Off course, the presented model does not include any elas-
ticity features. While the members are ideal rigid bodies pre-
venting from deformation, the idealized links enable to bend
the modelled rope unrestrictedly. In order to eliminate this
disadvantage, we introduce bending stiffness to the model
by using the spiral springs conception. More precisely, we
assume that identical springs with stiffness kT are placed in
each of the joints (also in the support) as shown in Fig. 1.
To gain an insight into the proposed model of transverse
elasticity, consider a fragment of the imaginable rope in a
local coordinate system xy (see Fig. 2), where curvilinear
coordinate is denoted by s. Assume that the curve has a radius
R at a point P1. Let us perform a simple discretization of the
rope by inscribing two adjacent rigid elements. If we specify
the positions of the points P0, P1 and P2 in the local coordi-
nate system:
x(0) = 0, y(0) = 0
x(1) = l sin ϕ1, y(1) = l cos ϕ1
x(2) = l(sin ϕ1 + sin ϕ2), y(2) = l(cos ϕ1 + cos ϕ2)
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Fig. 2 Discretized fragment of the rope
and treat the coordinates as functions of the variable s, then
we can easily approximate derivatives of x(s) and y(s) with
respect to s at P1 by using the central difference schemes:
x ′ ≈ x(2) − x(0)
2l
, y′ ≈ y(2) − y(0)
2l (5)
x ′′ ≈ x(2) − 2x(1) + x(0)
l2
, y′′ ≈ y(2) − 2y(1) + y(0)
l2
Next, we apply a formula for the radius of curvature for a
plane curve given parametrically:
R = (x





Inserting (5) into (6) leads to
R = − l
2
cos(θ/2) cot(θ/2), (7)
where θ = ϕ2 −ϕ1 is a relative generalized coordinate. Now
we use a basic formula of strength of materials—the relation














A shape of the resulting nonlinear spring characteristic can
be seen in Fig. 3. If one member of the system rotates through
an angle of ±π with respect to the other segment, the elastic
force M grows infinitely, which prevents from an unnatural
full rotation.








Fig. 3 The resulting nonlinear spring characteristic
To introduce the elasticity idea to the mathematical model
represented by (2), we write a generalized formula for the





where θi is specified below
θi =
{
ϕi for i = 1
ϕi − ϕi−1 for i = 2, 3, . . . , n
Now we consider the virtual work done by the moments
of the forces in the joints:
δW = M1δθ1 + M2δθ2 + · · · + Mnδθn (10)
Hence, the generalized forces resulting from the trans-




Mi − Mi+1 for i = 1, 2, . . . , n − 1
Mi for i = n (11)









= Q pi + Qnpi , i = 1, 2, . . . , n,
where Q pi and Qnpi are generalized potential and non-
potential forces, respectively, then the former ones may be
determined by combining the generalized forces generated
by the gravity forces, expressed in (2) as
QGi = −mgl bi sin ϕi , i = 1, 2, . . . , n (12)
with the generalized forces (11). Still excluding the non-
potential forces (Qnpi = 0 for i = 1, 2, . . . , n), one can
obtain the final form of the equations of motion for the
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system with the elastic joints:
n∑
j=1
ai j ϕ¨ j cos(ϕi − ϕ j ) +
n∑
j=1
ai j ϕ˙2j sin(ϕi − ϕ j )
+bi
l






, i = 1, 2, . . . , n (13)
where the forces QTi and QGi are given by (11) and (12)
respectively; the coefficients a and b are specified in (3).
3 Numerical experiments
On the basis of the mathematical model (13), we can easily
come to a numerical description of the problem. Let us write
the equations of motion in the concise form
M(q)q¨ = f(t, q, q˙) (14)
where the matrix M depends on the vector of dependent
variables q and t represents time as the independent vari-
able. However, from the computational point of view the sys-
tem (14) must be reformulated as a system of 2n first-order
differential equations
Mˆ(x)x˙ = fˆ(t, x) (15)
The modified matrix Mˆ, the modified vector fˆ , and the vector
















where I is an identity matrix and u is substituted for q˙. Finally,














q(0) = q0, u(0) = u0
As can be seen above, the applied multi-body approach
leads to the large system, whose size depends on density of
discretization of the rope imagined as a continuum. What
is more, it should be emphasized that the given problem is
more complex than standard systems of ordinary differen-
tial equations (ODE) of the explicit form x˙ = fˆ(t, x). In
fact, the left-hand side matrix Mˆ in (15) makes the equations
coupled, which results in several derivatives in each ODE.
Consequently, the given system is classified as implicit ODE
or, more generally, as a system of differential/algebraic equa-
tions (DAE).
Generally speaking, DAEs require another approach—
different from the fundamental and well-known numerical
methods. Existing algorithms involve more sophisticated
strategies than in case of explicit ODEs, especially when
it comes to step-size control, method order control and error
estimates. Some of the ideas are described in [9–12], whereas
[13] exhibits several difficulties, which can occur when deal-
ing with DAEs.
As with the problem analyzed in [7], we apply the
MEBDFV solver designed by Abdulla and Cash of Impe-
rial College, London (Department of Mathematics). Actually,
the code is one of the few available suited for the solution of
DAEs with non-constant matrix Mˆ, as in (15). The authors
implement the modified extended backward differentiation
formulas (MEBDF) developed by Cash (1980). Similarly to
the BDF schemes, widely used for solving ODEs, the solu-
tion xi at the current mesh point ti is approximated using
the past values xi−1, xi−2, . . . , xi−k . However, a key idea of
MEBDF is to include the so called ’superfuture’ value xi+1
in the same computation step. We included an outline of the
method in [8]; more details are described in papers of Cash
[10,11,14].
Now let us turn to numerical experiments. The first one
refers to a conservative scleronomic system, whereas the
other example is connected to a system with rheonomic con-
straints.
3.1 Experiment 1
We consider a model of a total length nl = 1 m and total
mass nm = 0.1 kg, which consists of n = 20 segments; the
supposed spring constant kT = 0.001 Nm2. The initial con-
figuration of the rope, with the position of the tip: x = 0.4
m, y = 0 m, is specified by a catenary curve, whereas the
generalized velocities are assumed to be equal to zero at a
start point: ϕ˙i (0) = 0 for i = 1, 2, . . . , n. Both the functions
x0(t) and y0(t) are as follows:
x0(t) ≡ 0 and y0(t) ≡ 0
In the rigid multi-body system (see [7]), a simple construc-
tion of the model has enabled the segments to experience full
rotations around the joints. Especially the last member, as
the least constrained one, has rotated rapidly in an unnatural
manner. Distinct symptoms of such behaviour can be seen
in Fig. 4: high differences between orientations of the two
last members (ϕ20 and ϕ19) and rapid changes of the function
ϕ20(t).
On the contrary, in case of the elastic joints, the springs
are supposed to block the strange and sudden rotations. In
fact, the functions ϕ20(t) and ϕ19(t) do not differ consider-




|ϕ20(t) − ϕ19(t)| = 1.415
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Fig. 4 Orientations of the two last elements (19 and 20) in time for the
inelastic model; a problem with parameters and initial conditions as in
Sect. 3.1















Fig. 5 Orientations of the two last elements (19 and 20) in time for the
model with elastic joints; results obtained in Sect. 3.1
Indeed, the simulated motion seems to be smoother and
does not exhibit the effects, which are difficult to imagine in
a real plane motion.
However, to analyze how the elasticity actually affects
the dynamics, let us look at the system globally, by mean
of its energy. Obviously, the kinetic energy T contains an
additional component resulting from the elastic work, which
determines the structure of T . More precisely, if we distin-
guish two components of the kinetic energy—the transla-
tional and rotational:
T = Tt + Tr (17)
then we can evaluate their proportions. Let us concentrate on
the discrete functions T (ti ) and Tr (ti ) where i = 0, 1, . . . , N









Table 1 Contribution of the rotational kinetic energy Tr to the total
kinetic energy T for problems with different stiffness kT . Results
obtained with time-step t = 1.0E−03 s for motion lasting t = 5 s






may serve as global measures of the functions. Performing
simulations starting from the discussed initial conditions,
for models with the same parameters but various stiffness
kT , we find that the contribution of the rotational kinetic
energy increases with kT , as presented in Table 1. Thus, on
the one hand, the spring in the joints eliminate the specific
full rotations. On the other hand, after a short period of reg-
ular motion some individual, non-regular rotations appear
(see Fig. 6) and their growing intensity depends strictly on
the constant kT . Beyond any doubt, the stabilizing role of
the moments Mi manifest itself in keeping relatively small
differences between orientations of the adjacent members.
Consequently, it leads to some rotational oscillations in a nar-
row range of angles with frequency depending on the springs
stiffness.
As presented in Figs. 6 and 7, the oscillatory behaviour of
the elements is reflected in both the kinetic and the potential
energy of the mechanical system. In any case, one can easily
test a fulfilment of the energy conservation principle, the-
oretically relevant to the considered example. In fact, the
approximately straight line of the total energy E = T + V
includes some small fluctuations. In order to assess a qual-











Figure 8 shows the time dependence of the error (18); its
average value for the presented time interval equals e¯R =
2.8E−06.
Finally, let us consider the problem of disretization of the
rope, which was outlined in [7]. Theoretically, the multi-
body model is increasingly better representation of the phys-
ical system as n tends to infinity while l tends to zero. Thus,
there should be convergence of solutions for gradually higher
discretization density. However, comparing two numerical
solutions obtained for different values of n is not so trivial.
Let n1 and n2 be arbitrary numbers of elements. The question
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a
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t [s]
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Fig. 6 Total kinetic energy and rotational kinetic energy of the system:
a kT = 0.001 (Nm2), b kT = 0.005 (Nm2), c kT = 0.010 (Nm2); after
a short period of smooth dynamics, specific oscillatory rotations appear
is how to measure a distance
dn1,n2 = ‖qn1 − qn2‖
between the solutions qn1 and qn2 given for n = n1 and
n = n2, respectively.
In this paper we propose the following simple algorithm.
First, we choose a set of n∗ control points {(x∗j , y∗j )}n
∗
j=1
distributed along the rope uniformly: from its fixed end to
the other one. Now, using geometrical distances between the
corresponding points in the both cases, one can form the


















Fig. 7 Kinetic, potential and total energy of the system; the energy
conservation principle approximately fulfilled





































j,n2 denote coordinates of the
controlled points calculated from the solution vectors qn1 and
qn2 , respectively.
In this example, we examine the distance variation with
time for three pairs of solutions: d20,25, d30,35, d40,45.
Although the difference (n2 − n1) is kept constant, value of
the distance is expected to decrease for the consecutive cases.
Figure 9 presents the results obtained for n∗ = 51; the model
parameters are assumed as before (kT = 0.001 Nm2). Gen-
erally, the functions dn1,n2(t) grows over time, which may be
an effect of the system oscillatory behaviour. However, the
solution distance reaches lower values as the discretization
density is raised. We are convinced that the solution conver-
gence could be clearly greater, if only there was dissipation
included in the model.
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Fig. 9 Distance between solutions: a n1 = 20 and n2 = 25, b n1 = 30
and n2 = 35, c n1 = 40 and n2 = 45. Results obtained for n∗ = 51
3.2 Experiment 2
Now we turn to a case including rheonomic constraints. Let
us consider a system with the same total mass nm and total
length nl but different number of members n = 30 and the
stiffness kT = 0.002 Nm2. Initial conditions of motion are
ϕi (0) = 0, ϕ˙i (0) = 0, i = 1, 2, . . . , n
so that the rope hangs down until motion of the support
in the horizontal direction is enforced according to the











Fig. 10 Constraints function x0(t): the support performs periodical
manoeuvres















Fig. 11 Total energy of the non-conservative system
following function:
x0(t) = A sin2 (π Bt) (21)
where A and B are constants; here we take A = 0.2 m and
B = 1.5 s−1. It is easy to notice, that the support reciprocates,
activating the entire system periodically (see Fig. 10).
In this example let us focus on the results verification,
which turns out to be more complex than before, because the
given system is non-conservative. Thus, it is not enough to
analyze its total energy E , which varies with time as shown
in Fig. 11. In view of this, we use the work-energy relation:
T = W (22)
Accordingly, the change in the kinetic energy of the sys-
tem is equal to the work W done by all forces during the
same actual displacements. In particular, if T (0) = 0, then
T = T . However, to apply (22) properly, we shall look at
the dynamical system in a slightly different manner. Firstly,
the potential generalized forces resulting from the model (13)
are given by
Q pi = QTi + QGi , i = 1, 2, . . . , n
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Fig. 12 Relative error of the difference between kinetic energy and
work of all forces
Secondly, we take into account the components in (13), which
come strictly from the rheonomic constraints, and treat them
as the generalized non-potential forces:
Qnpi = −ml bi (x¨0 cos ϕi − y¨0 sin ϕi ), i = 1, 2, . . . , n
Now, let T ∗ be the kinetic energy of the system in the refer-
ence frame moving with the support point O . In other words,
T ∗ is unaffected by a translation of the entire system in space,
so that T ∗ is formed by neglecting the components of T which
contain time explicitly. Finally, we can rewrite the relation-







where S is the given configuration path and the work W is
expressed with use of the generalized forces:
Qi = Q pi + Qnpi
Specifying an absolute error as a difference between the left-
hand side and the right-hand side of (23), one may determine
a relative error as follows:
eR(ti ) =
∣∣∣∣
T ∗(ti ) − W (ti )
max(T ∗)
∣∣∣∣
As shown in Fig. 12, the error in the time interval
0 ≤ t ≤ 5 s does not exceed 1.3E−04. Its average value,
computed according to formula (19) with stepsize t =
1.0E−03 s, equals e¯R = 1.9E−05.
4 Conclusions
In this paper we have considered the discrete model of a rope,
whose rigid members are linked by so called elastic joints.
More precisely, the transverse elasticity has been modeled
by means of the classical bending conception (simple theory
of elastic bending) and basic geometrical relations. This has
led to the non-linear characteristic of spiral springs placed
in the joints. Such an elastic characteristic is typical for hard
springs [5] and close to the intuitive view on behaviour of
folded ropes or cables.
The Lagrange equations of motion have been derived for
the general case of the system with rheonomic constraints.
The elasticity idea has been introduced to the description by
specifying the potential generalized forces in the joints. In
comparison with the non-elastic system presented in [7], the
obtained mathematical model is not much more complicated,
in spite of the additional nonlinearity. In view of computa-
tional methods, the resulting problem is classified as a system
of DAEs, typical for multi-body systems dynamics.
The applied MEBDFV code is one of the most efficient
techniques designed for solving such complex problems. In
numerical experiments, validity of the results has been exam-
ined in terms of energy principles. In case of the conservative
scleronomic system, energy conservation has been observed.
On the other hand, the solution for the non-conservative sys-
tem has met the work-energy relation. In the both cases, very
low values of the relative error exclude numerical dissipation.
The performed simulations also allow us to assess the
model modification. Compared with the multiple physical
pendulum (see [7]), the transverse elasticity eliminates the
full rotations of the particular segments—the bahaviour
which actually is unnatural for a real plane motion of dynam-
ical systems. However, contribution of the rotational kinetic
energy to the total kinetic energy increases with the stiff-
ness kT . Consequently, the chaotic-looking dynamics does
not become weakened due to some specific rotational oscil-
lations driven by the stabilizing activity of the springs. Pre-
sumably, the model needs to be developed by replacing the
elastic springs with the viscoelastic ones, which could damp
out the transverse oscillations.
All in all, the considered problem exhibits powerful capa-
bilities of the approach based on analytical mechanics and
commonly available high-performance numerical solver. The
promising results encourage us to consider more realistic
models of a rope, with special reference to air resistance and
chaotic dynamics analysis.
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